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The four-detector photopolarimeter (FDP) is an arrangement of four photodetectors for measuring the state ofpolarization of light. The output current vector I of the FDP is related to the input Stokes vector S by I = AS,
where A is the instrument matrix. The rows of A can be viewed as projection operators that determine the output
currents of the detectors. This leads to the recognition of four special totally polarized input states, each of which
maximizes the output of one detector. The associated four orthogonal states produce minimum signals. Because
each detector is absorptive and its output is nonnegative, eight inequalities must be satisfied by the elements of A.For optically isotropic detectors, one element is identically zero and another can be made zero by an appropriate
coordinate rotation. Three additional inequalities that are likely to apply are also stated. The columns of A have
the following interesting meaning. The first column represents the normalized response of the FDP for incident
unpolarized light or its average response to incident light polarized in any pair of orthogonal states. The second,
third, and fourth columns represent the differential normalized responses of the FDP for incident light polarized in
the following pairs of orthogonal states: (1) linear polarizations at 0 and 900 azimuths, (2) linear polarizations at450 and 1350 azimuths, and (3) the right and left circular polarizations, respectively. These are the same pairs of or-
thogonal states that are used in the phenomenological definitions of the Stokes parameters.
INTRODUCTION
In the four-detector photopolarimeterl-3 (FDP) the light
beam, whose state of polarization is to be determined, strikes
at oblique incidence three photodetector surfaces in succes-
sion, each of which is partially specularly reflecting and each
of which generates an electrical signal proportional to the
fraction of the radiation that it absorbs. A fourth detector
captures substantially the remainder of the light. The four
outputs thus developed form a 4 X 1 signal vector:
I = [io il i 2i 31t, (1)
which is linearly related,
I = AS, (2)
to the input Stokes vector:
S = [SO S1 S 2 S3]t, (3)
where So, S,, S2 , and S3 are the four Stokes parameters4 5 and
t indicates the transpose. Consequently, S is obtained by
S = A-'I. (4)
The essential condition that the instrument matrix A be
nonsingular (hence A-' exists) requires that the plane of
incidence be rotated between successive reflections by other
than 900, with +45' and +135' being the optimum rota-
tions. 3
In this paper we consider some general properties of the
instrument matrix A. Physical meanings are attached to its
rows and columns, and several constraints on its elements
are established. The latter constraints serve as important
validity checks on any theoretically or experimentally deter-
mined matrix A. Calibration schemes with which A may be
measured are discussed elsewhere.2' 3' 6
ROWS OF A AS PROJECTION OPERATORS
It is instructive to consider the FDP from a linear-systems
viewpoint. As shown in Fig. 1, the FDP can be abstracted as
a black box whose input is the Stokes vector S of the incident
light beam and whose output is the current vector I. The
instrument matrix A, which is the essential characteristic of
the black box, can be expressed in terms of its rows as
Ao
A- A 2A (5)
LA3 ]
From Eqs. (1) and (2), the mth output signal (current) of the
mth detector is
im =AmS, m=0,1,2,3. (6)
In Eq. (6), AmS is identical to the scalar product of two
vectors, Amt and S, in a four-dimensional space. Therefore
i. can be thought of as a projection of the unknown Stokes
vector S along Amt. Four independent projections, which
are achieved as a result of the light-beam interaction with
the four detectors, are required to fix S. Again, A must be
nonsingular, and det A # 0.
On further expansion, Eq. (6) reads as
Em = amOSO + amS1 + am2S2 + am3S3,
m=0,1,2,3, (7)
0740-3232/90/010087-05$02.00 © 1990 Optical Society of America
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Fig. 1. FDP as a black box with the Stokes vector S of the incident
light beam as input and the current vector I as output. The instru-
ment matrix A relates I to S by means of the linear relation I = AS.
is allowed to scan the entire s space (inside and on the
surface of the Poincar6 sphere), assuming a given constant
So. It is apparent that the signal im is maximum,
immax = amoSo(1 + lami), (13)
when s is the unit vector in the direction of the projection
vector am. Likewise, im is minimum,
immin = amoSO(l - lam), (14)
3
02
when s is the unit vector antiparallel to am. The average
signal level is given by Eq. (11) and is attained when s = 0
(unpolarized light) or when am * s = 0, which places s in a
plane through the origin orthogonal to am ending on or inside
a great circle C (Fig. 3). More generally, a given signal level
im is attained when am - s = constant, which places the
Fig. 2. A given FDP at a given wavelength is characterized by a set
of four NPV's ao, a,, a2, and a3 (one for each of the four detectors) in
the Stokes-Poincar6 SI S2 S3 space, where s1 , S2, and S3 are the
normalized Stokes parameters.
where amn (n = 0, 1, 2, 3) are the elements of Am.
(7) is normalized as follows:
im = amoSo(l + am * s),
where
S = (Sl/SO, S 2 /SO, S 3 /SO),
am = (ami/amo, am2/amO, am3/amO)
Next,]
Fig. 3. The output signal of the mth detector of the FDP is deter-
mined by the scalar product am * s of the input polarization vector s
= (S 1, S2, S3) and the NPV am of that detector in the Stokes-Poincar6
Eq. space, according to Eq. (8). The average signal level is generated
when the incident light is unpolarized, s = 0 or, more generally,
when am - s = 0, which places the endpoint of s in a plane orthogonal
to am on or inside the great circle C of intersection of the plane with
(8) the Poincar6 sphere (PS: Isl = 1). The locus of all states producing
the same signal level in the mth detector, am * s = constant, is the
circular disk defined by a circle C' on the PS whose plane is normal
(9) to am.
(10)
s of Eq. (9) is the pure polarization-state vector in the three-
dimensional Stokes-Poincar6 space. (Isl = 1 is the Poincar6
sphere, which is the locus of all possible states of total polar-
ization, and Isl < 1 corresponds to partially polarized light.)
In this space (Fig. 2), the FDP is represented by the four
normalized projection vectors (NPV's) ao, a,, a2, and a3.
From the requirement that det A 5d 0, it follows that the
endpoints of these four vectors must not lie in one plane (i.e.,
must form a pyramid of nonzero volume). In addition to am
(m = 0, 1, 2, 3), the FDP is also characterized by its response
to incident unpolarized light. This is obtained by setting s
= 0 in Eq. (8):
im = amoSo, m = 0, 1, 2,3. (11)
Consequently, ama has the following meaning:
am0 = im/SO, m = 0, 1, 2, 3, (12)
which is the (normalized) response of the mth detector per
unit power of incident unpolarized radiation.
Equation (8) determines the modulation of the output
signal of the mth detector as the input polarization vector s
Fig. 4. A given FDP at a given wavelength is characterized by a set
of four specific total polarization states Po, PI, P 2, and P 3 on the
surface of the Poincare sphere PS. Each point Pm is the point of
intersection of the straight-line extension of the associated NPV am
with the PS and represents the polarization state that produces the
maximum possible output signal of the mth detector. For each
point Pm there is a diametrically opposite point on the sphere Qm,
not shown, that represents the state that generates the minimum
possible output signal of the mth detector.
R. M. A. Azzam
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endpoint of s in a plane normal to am that cuts the Poincar6
sphere in a minor circle C' (Fig. 3).
If So is known, only three projections (signals) are suffi-
cient to fix s completely by the point of intersection of three
different planes, each of which is orthogonal to the corre-
sponding NPV, am. A unique point of intersection is guar-
anteed if the three NPV's are not coplanar.
The points of intersection of the extensions of the four
NPV's am (m = 0, 1, 2, 3) with the Poincar6 sphere define
four total-polarization states Pm (Fig. 4) that provide an
interesting characterization of the FDP. From the preced-
ing discussion, Pm is the polarization state of incident light
that produces the maximum possible output signal level i,
of the mth detector. Four associated points Qm, each of
which is diagonally opposite a corresponding point Pm, give
an equivalent representation on the Poincar6 sphere, in
terms of the minimum signals.
EIGHT CONSTRAINTS ON THE
ELEMENTS OF THE FOUR-DETECTOR
PHOTOPOLARIMETER INSTRUMENT
MATRIX A
Because each detector is absorptive, im is always nonnega-
tive:
i> 2 0. (15)
(A negative current is meaningless in the present context. of
the FDP.) And, because So>0, it follows from Eq. (11) that
amo>0, m=0,1,2,3. (16)
where the first matrix is the responsivity matrix K and the
elements fig of the third matrix F are given by Eqs. (11) of
Ref. 3. Carrying out the matrix multiplications of Eq. (19),
we find that
aO2 = 0,
aO 3 = 0,
(20)
(21)
i.e., the last two elements of the first row of A are zero.
It should be noted that Eq. (21) always holds, irrespective
of the reference axes at the input of the FDP with respect to
which S and A are measured. However, Eq. (20) holds only
when those reference axes are aligned with the directions
parallel (po) and perpendicular (so) to the plane of incidence
for light reflection at the first detector (Do).
TEST OF THE CONSTRAINTS ON THE
ELEMENTS OF A FOR A SPECIFIC
MEASURED MATRIX
For a FDP using four Si P-I-N photodetectors and operating
at X = 632.8 nm, the following matrix:
[0.746
A = 2.433
0.694
L2.597
0.157
-1.180
-0.244
-1.934
-0.071
0.516
0.137
-0.296
-0.001
0.447
-0.405 ,
-0.429_
(22)
was recently given,6 free of imperfections in the calibration
polarization optics. This matrix satisfies the following con-
ditions:
Inequality (16) indicates that each and every element in the
first column of A must always be positive.
From relations (14)-(16) one concludes that
laml < 1, m = 0, 1, 2,3, (17)
which indicates that the length of each NPV is generally <1
and may reach 1 as a limiting case.7 This second set of four
inequalities can be put into the expanded form
(am.2 + am2 2 + am32)112 • amen m = 0, 1, 2,3 (18)
if Eq. (10) is used. The eight inequalities (16) and (18) are
satisfied by the elements amn of the instrument matrix of any
FDP.
TWO ZERO ELEMENTS OF THE
INSTRUMENT MATRIX A OF A FOUR-
DETECTOR PHOTOPOLARIMETER USING
ISOTROPIC DETECTORS
For a FDP using optically isotropic photodetectors (for
which the p and s linear polarizations, parallel and perpen-
dicular to the plane of incidence, are the eigenpolarizations
of reflection), the instrument matrix A is given by the prod-
uct3
(1) All elements of its first column are positive, in accord
with inequality (16).
(2) The lengths of the four NPV's, laol = 0.231, Jail =
0.560, Ia2l = 0.709, and la,3 = 0.771, are all <1, in accord with
inequality (17).
(3) a03 = -0.001 - 0, in good agreement with Eq. (21).
(4) Because A of Eq. (22) was measured with respect to
an external laboratory coordinate frame (and not the direc-
tions p0 and so parallel and normal to the first plane of
incidence), a02 = -0.071 d 0. However, a02 can be forced =
0 [hence Eq. (20) is satisfied] by an appropriate coordinate
rotation, as shown in Ref. 6.
Finally, we note that the NPV's associated with our proto-
type FDP of four Si detectors and its A matrix of Eq. (22)
satisfy the following additional set of three inequalities:
lao! < lall < ja21 < la3l. (23)
Thus the length of the NPV increases monotonically from
detector to detector as we move downstream in the FDP,
which indicates the increasingly polarizing effect of succes-
sive reflections.
However, inequalities (23) do not apply in all cases.8 For
example, one or more may be violated near the conditions of
[ko 0 0 0 i -1 0 Ol i 0 0 0
A =0 k, 0 0 0 1-1 0 f 0o fi0 0 ° (19
0 0 k2 0 0 0 1 -1 f 20 f 2 1 f22 f23I' )
L0 0 0 k3 J 0 0  Lfo f31 f32 f33
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L90singularity of the A matrix3 (e.g., when the rotation angle of
the plane of incidence is, say, 800).
PHYSICAL MEANING OF THE COLUMNS OF
A
A can be written in terms of its columns as
L135 L45LI
*LO --- _ _
I 
A = [C0 C1 C2 C3]. (24)
It is convenient to define the normalized response of the
FDP for any input polarization state by
J = I/So
= [Co C1 C2 Ca]S!So,
(25)
(26)
which is the output current vector per unit power of the
incident polarized radiation. It follows from Eq. (26), or
from Eq. (12), that
Co = JUPL' (27)
i.e., the first column of the instrument matrix A specifies the
normalized response of the FDP to incident unpolarized
light (UPL).
Next let us consider the response of the FDP to the same
orthogonal pairs of states that are employed in the phenom-
enological definitions of the Stokes parameters.4 5 These
are
RCP
L90
IS
LCP
Fig. 5. The second, third, and fourth columns of the instrument
matrix A of the FDP represent the differential normalized respons-
es of the FDP for incident light polarized in the indicated pairs of
orthogonal states: (1) LO and L90, the linear polarizations at 0 and
900 azimuths, (2) L45 and L135, the linear polarizations at 450 and
1350 azimuths, and (3) RCP and LCP, the right- and left-handed
circular polarization states, respectively. The first column of A
represents the average response to any pair of orthogonal states.
(1) The orthogonal linear polarizations at 0 and 900 azi-
muth (LO and L90),
(2) The orthogonal linear polarizations at 450 and 1350
azimuths (L45, L135),
(3) The orthogonal right- and left-handed circular polar-
izations (RCP and LCP, respectively), as shown in Fig. 5.
For the first pair of states, the Stokes vectors are
SL0 = SO[1 l Olt,
SL90 = SO[1 -1 0 Ot, (28)
and the associated FDP's normalized responses [from Eq.
(26)] are
'LO = Co + C1 ,
9Lg0 = C0 - Cl. (29)
From Eqs. (29), it immediately follows that
C1 = 1/2(1Lo - L90), (30)
which shows that the second column of the instrument ma-
trix A represents the FDP's differential normalized response
to incident orthogonal linear polarizations at 0 and 900 azi-
muths.
For the second pair of states, the Stokes vectors are
SL45 = SO[1 0 1 O]t,
SL135 = SO[1 0 -1 olt, (31)
and the associated FDP's normalized responses [from Eq.
(26)] are
JL45 = CO + C2 ,
A135 = CO - C2.
From Eqs. (32) it follows that
C2 = 1/2(.1L45 - L135),
(32)
(33)
which indicates that the third column of the instrument
matrix A represents the FDP's differential normalized re-
sponse to incident orthogonal linear polarizations at 450 and
1350 azimuths.
Finally, for the third pair of states, the Stokes vectors are
SRCP = S0[1 0 0 1 ]t,
SLCP = SO[1 0 0 - 1]t, (34)
and the associated FDP's normalized responses [from Eq.
(26)] are
5RCP = C0 + C3a
ALCP = C0 - C3. (35)
From Eqs. (35) we obtain
C3 = 1/2(RcP - LCP), (36)
which shows that the fourth (last) column of the instrument
matrix A represents the FDP's differential response to the
incident right- and left-handed circular polarization states.
Before concluding this section, we note that Eqs. (29),
(32), and (35) also give
LC P-
R. M. A. Azzam
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CO = 1/2(YLo + -L9 0) = 1/2(YL45 + -L135)
= 1/2 (GRCP + '7 LCP)-
Equations (37) lead to the following general result:
Co = 1/2(3s + Jos),
which states that the first column of A also represents the
average of the normalized responses of the FDP to any pair
of orthogonal polarization states (denoted S and OS).
SUMMARY
In this paper we have provided new insight into the meaning
of the rows and columns of the instrument matrix A of the
FDP, which matrix links the output current vector I and the
input Stokes vector S according to I = AS. In particular,
the rows of A define four projection operators and an associ-
ated set of four NPV's am with certain geometrical interpre-
tation in the three-dimensional Stokes-Poincar6 space. In
general, each NPV is of length S 1, and the equality may hold
only as a limiting case.
The first column of A represents the FDP's normalized
response to incident unpolarized light, and each and every
one of its elements is >0. It also represents the average
normalized response of the FDP to incident light, which is
polarized in any pair of orthogonal states.
The second, third, and fourth column of A represent the
FDP's differential normalized responses to (1) orthogonal
linear polarizations at 0 and 900 azimuths, (2) orthogonal
linear polarizations at 450 and 1350 azimuths, and (3) the
orthogonal right- and left-handed circular polarization
states, respectively. These are the same three sets of or-
thogonal pairs of states that are used in the phenomenologi-
cal definitions of the Stokes parameters.
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